MATH 267 Final Study Guide

1 First Order Equations

Q1. ‘;—f = 4(z? +1); ;G} =1

Soluti This is a ble equation, so we proceed using the method of separation of variables.
— =d(z+1)
dr
—_— =t
il

. dr
[ = [
arctanx = 4f + C.
Here we utilize our initial condition to determine the value of €.

C = arctanx — 4t

= arctan (1) — 4(-:)
b

=— =7
4
_ A=
1
We now finish our derivation of an explicit solution.
3=
tanx = 4t — —
arc nxr 4

x(t) = tan (‘lt - %)
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Q2. % — (sinr)y = 2sinr: y(%) =1

Solution. This is a linear equation, so we proceed by finding an integrating factor. Note this equation is already in standard
form. Let y denote the integrating factor. Then
i = of Pl
I
e
Multiplying our differential equation by the integrating factor, we can solve for a general solution.
conz QY o cosx ST
[ E—smxe y = 2sinre
(€5 )’ = 2sinz T
ey = f2sin e dr
e e T T &
y=-2+Ce ™",

Finally, we make use of our initial condition to determine the value of € and derive a solution to the IVP.

1=-24 Ce (/2

=0
3=C

24 Jem =T

ul
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Q3. (z+ y)*de + (2ry + 2 = 1)dy = 0; y(1) = L.
Soluti This equati Pp to be exact, so we check to be sure.
(z +y)%dz + (2oy + 2% — 1)dy = 0
(a® + 2ry + )i + (2ry + 27 = Ddy =0
My = 2?22y + ) =20 + 2y
dy
N, = i{z:,, +a? 1) =2+ 2
01
My = N;.
Therefore, this is an exact equation so we proceed using that method.
Flz,y) = f Mdr
= f(z.3+2w+y“}d1
1
= 51“ + 2%y +ay’ + hiy).
Using N, we solve for h(y).
N=2ry+r* -1
a
N = —F(r,y) = 2% + 2ry + W'(
% ) v+ W (y)
2ry 2% — 1 =22y + 2° + h'(y)
H(y)=-1
hy) = —p+0C.
Putting these together, we have a general solution to the equation.
:-ix"‘+::’§+xy9—y=C,
Using our initial condition, we solve for the value of C' and derive a solution to the IVP.
€= 307+ P + P -1= 3
éx“' +afy+ay’ —y
<
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Q4. (2y° + 3x)dr + Zrydy = 0.
Solution. This equation appears to be exact, so we check to be sure.
a
My = a_y(-z,,,2 +3r) =1y
Ny = i(ﬁr ) =2y
Ne = g7 v =
My # N;.

Therefore, this is not an exact equation. We check for a possible integrating factor to make it exact.

MyNe_ 2 1
N 2y x

po= of (1/xMs — glox — 4
Multiplying the equation by g should make it exact.
(Q.ty" + 3x%)de + 2t ydy = 0

o 2 2

M, = a—y(?:ry 4+ 3r7) = dzy
8 2

Ny= — .
gz 2 y) = dry

M, = N,.

The modified equation is exact, so we proceed using that method.

F(z.y) = f Ndy
= f 2 ydy
=a?y® + h(z).
Using M, we solve for hir).
M =2z’ +32°
M= %F{z. y) = 2xy” + W' (x)
2ry? + 3x? = 2ry® + W(x)
K{r) =327
hix) =2+ C.

Putting these together,we have a general solution to the equation,
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Q5. Iyzg =y —ahy(l)=2

Solution. We verify that this equation is homogeneous.

xy’dzy =yt -2t
xytdy = (y* - +*)dx
(a = y*)dx + xyPdy =0
Mtz ty) = (tx)* = (ty)* = 32 — y*) = M (2, 1)
Nt ty) = (t2)(ty)” = tay® = 'N(z, y).

Therefore, this is a b equation, and so we make the substitution y = wr.

r(uzr)? (u + r:,—:) = (uz)® - z*
uts? + u’x‘% =utat — 2t
du
2 408 _
vl .
The resulting equation is separable, so we proceed using the method of separation of variables.

llg.l'“dr‘: = —Is

W= —de
xr

fu’du:—fld;r
Fa

w=—lnz+C

LT

3
) =-lnz+C
¥ = —32%Inz + Cr,

-
—

Finally, using our initial condition, we determine the value of € to obtain a solution to the IVP.

2% = 31 (1) + €(1)
8=C

¥ = -3 Inx + 82
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dy 1

2L = B ==,

Q6. » o 2y = 3y*; (1) 3
Solution. This is a Bernoulli equation, so we make the substitution u =y,

o
z‘z—y — 20y = 3y’
dx

dy
- e A
Jrty d.1:+ﬁz" 9
.‘:?:—:+&m=—9
du 6, -9
dr  x x*’

The resulting equation is linear, so we find an integrating factor. Note we have already put the equation into standard form.

p= of Pkt _ oJ(6/)d _ 6lnx _ 6

Multiplying by the i ing factor, we can solve for a general solution to the eguation.

;ﬁ:—: +6xu =~

(2%u) = 0zt
-9 .
2 = —z"+C
bl

40t

y_s = ?gj‘_l + CI_G.

Utilizing our initial condition, we can determine the value of €' and derive a solution to the IVP,

(%)_: = _?9(1)" +C(1)78
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QT. % = cos (x + y); y(0) = %
Solution. This equation is of the form :—i = flx + y), and so we make the substitution u =z + y.
dy _
ol cos (x+ y)
14 dul
I = s
du

= cosu+ 1.

dx

The Iting equation is separable, so we p 1 using the method of separation of variables,

ﬂ—t:oem+l
==
du
cosu+l

fd_"=f,h
cosu 4+ 1

costu = 1
cos?u— 1

f - du—f‘?“;“auﬁc
sin® u sin” u
fcsczudu—fcscumtudu=.r+0

escu —cotu=x+C

e (rdy) —cot(z4y)=x+C.

du=x+C

Using our initial condition, we can solve for the value of €' and derive a solution to the IVP.

50 (0+%) —mt(l)+%) =04C
- 1 _cos(m/4)
" sin(x/4)  sin(x/4)
=v2-1

Icsc(:.+y}—cottr+y]=a:+\/§—l|
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2 Higher Order Equations

Q8. Using reduction of order, determine a second solution to the given differential equation.
oy +y =0 = lnr

Solution. In reduction of order, we seek a solution yo which i of the form yp = u(x)y (z).

w=ulnr

u
b =u'lnx+ —
Yz u|1.:+z

.r
Y =u"lnx + PR
v x  x*

By construction, yp will be a solution to the given differential equation.
Ty +ys =0
'z +2 -2 u'nr+Z =0
x x
rlnra” + (Inx + 2)u" =0,
We now make the substitution w = o',
zlnzu” + (Inx +2)u’ =0
rlnrw' + (Inx + 2)w = 0.

The resulting equation is separable, so we proceed using the method of separation of variables.

dw
x lll.tz +(lnx+ 2w =0

zlnz% =—(lnx+ 2)w

dw —lnx-2

w zlnx
jd_w:_j'hl.n:+3¢:
w rlnx
dx dx
Inw=- [ —-
x zlnz

Inw=—Inz—2In(lnr) +

Inw = ~Inz(lnz)? + C,
w= —.561
"~ z(lnzx)
. 'y
" z(lnx)?
= -& +Ca.
Inz
Let € = —1 and Cy = 0.
_ 1
"z
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Q9. 4y —y=0.

Solution. This is a linear fourth-order equation with constant coefficients, so we look for solutions of the form y = e™*,

mie™E _gmr _

m'=1=10

(m*=1)(m*+1)=0

(m=1){m+1)(m*+1)=0
m=%l,+i

| pir) = ere” 4eoe” " degoosx + eysinr

Q10. " + 4y = 3sin 2a.

Solution. This is a linear second-order nonhomogeneous equation with constant coefficients. We first solve the homogeneous
equation.

y A Ay =0

mie™ o™ =0

m+4=0
m=+2i

Ye = €1 co82x + o s8in 2r,

We use the method of undetermined coefficients to determine a particular solution y,. Since sinx is a solution to the
homogeneous equation, we modify the usual trial solution for sinr by a factor of .

UYp = Azcos2r + Brsin2x
¥, = Acos 2r — 2Axsin2r + Bsin2r + 2Bz cos 2x
y;' = —dAsin2r - dArcos 2r + 48 cos 2r — 4 Br sin 2z,

By construction, y, is a solution to the given differential equation.

Yy + Ay, = 3sin2r
—A4Asin2r + 48 cos 20 = 3sin 2r
—dA=3=2A= —g
B=0=8B=0
Up = —gzcuﬂ:r.

Putting these together, we obtain a general solution to the given differential equation.

ylxr) = ey cos2x + egsin 2r — %zm?x
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Q1l. 4" +y' = tanx.

Solution. This is a linear third-order nonhomogeneous equation with constant coefficients. We first solve the homogeneous
equation.

vy =0

m® ™ fme™ =0

mem=0

mim®+1) =0
mo= 0, %i

Ye = 01 + caC08T + cysinr.

We use the method of variation of parameters to determine a particular solution y,. We first require the Wronskian., Set
=1,y =cosz, and y3 = sinx.

Wy s 1 cosrx sinx
W=det |gg v wy|=det|0 —sinzr cosxr |=1.
wouE Wy 0 —cosxr —sinz

We now use Cramer’s Rule to find functions uy, w2, and ug so that yp = wim + w2 + uays is a solution to the given
differential equation.

0 cosx sinx 1 0 sinz 1 0
Wy = det 0 —sinr cosr Wa=det [0 0 cosT Wy=det |0 3 0
tanr —cosr —sinr 0 tanr -—sinrx 0 —cosr tanx
= tanr = —sinr = —sinxtans

. W W W
We now have uy = 3, uly = 3, and uy = 3.

W
uy =ftan:‘d.a: ug=[—sina:d:r u:u=f—s'm:rtanzd:r
sin —sin’ r
= | ——dz = cos = | ———dr
cos T cos T
2
cos®x — 1
= —In|cos x| =[—dz
cosT

=fme=:d:—fﬁer.r.d.r

sec® x + secx tan
sec T +tanr

= sinx —
=sinx — In [secr + tan x|
We can put all of this together to determine y, and a general solution to the differential equation.

Up=

i+ uals + usls
—Incosx| + cos® x + sin® x — sinz In[secr + tanz|

1 = In|cosx| — sinx In |secr + tan x|

[y{:.,'} =y + cgco8x + cysinx — Injcos 2| — sinx In jsecx +tanz|]

110



