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Qi2. 22" + oy + Ay =0,

Saluti

This is a second-order Canchy-Euler equation, so we look for solutions of the form y = ™.

mim — )™ + mz™ +42™ =0
miad=0
m = +2i

[vlx) = e1 008 (2In2) + cz5in (2Inx) |

¢
Q13. =%y + Sry’ + 4y = 0.
Solution. This is a second-order Cauchy-Euler equation, so we look for solutions of the form y = #™.
mm = 1)z™ + Smx™ + 4™ =0
m? +dm+4=10
(m+2P2=0
m=-2-2
&
Q1d. ay'™ + 6y = 0.
Solution. We multiply the equation by 3 to make it into a fourth-order Canchy-Euler equation.
ay' + 6™ =0
I-IHN] + ﬁr:‘y"' =0
m(m — 1)(m — 2)(m — 3)z™ + 6m(m — 1)(m — 2)a™ =0
m(m — 1)(m— 2)(m —3) + 6m(m — 1)}(m —-2) =0
m(m—1)(m—-2)(m+3)=0
m=10,12-3
| ylz) = €1+ ez + eza® + e
&
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3 Systems of Equations
. (10 -5
Q15. X' — (8 _12) X.
Solution. We first determine the eigenvalues of the matrix.
10-A -5
0—(1{.»1.( 8 _12_)\)
= (10 = A)(=12 = A) + 40
=M 420 - 80
=(A=8)(A+10)
A=8 ~10.
We now find an eigenvector for A = 8.
2 -5\ (k) _ [0
8 =20/ \ka/ — \D
2ky = Hky
- i)
Ks = (.2) .
Next we find an eigenvector for A = —10.
20 -5\ (kY _ (0
8 =2/\k/)  \o
Ay = ke
1
ko= ().
Putting these together, we get a general solution to the given system.
‘X{EJ =r (g) ™ 4oy G) e 10t
<
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10 0
Qle. X'=[2 2 -1|X.
01 0
Solution. We first determine the eigenvalues of the matrix.

1-A D 0
0 = det 2 2-x -1

)

0 1 -
=(1-N[-M2-2+1]
= (1= A AT =2)+1)

=(1-A)7°
A=1,1,1
We now find an eigenvector for A = 1.
o0 o0 ky 0
21 -1 k) =10
01 -1 ks 0
ky = ks

2y +ky = hy =2 = 0=k =0

se (i)
G1o)6)-0)

pr=p+1

b

i tpa=p+l =2 =0=p =0

i

G2 ={qa

1
Mmtm=ptls=1lsa=3

)

Putting these together, we obtain a general solution to the given system.

e

0
1
1

) '

2
3+

0
1
0

)

:

0
0
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3 -1

11 -1

X
1 -1 1

Solution. We first determine the eigenvalues of the

-1

Q17. X' = (

0= det

matrix.
3-A

1

1

-1
1-A
-1

-1
-1
1-A

)

=@-A[(1-A2-1+22-N)

=(1-A)2-A)?

A=1.2,

We now find an eigenvector for A = 1.

2.

“AB=AN2=A)+2(2-))
(A =3x+2)(2- 1)

2 -1 -1 ky 0
1 0 —1) k] =10
1 -1 0 k. 0
ky=ks=ks
1
Ky=11].
1
Next we find an eigenvector for A = 2,
1 -1 =1\ [k 0
1 -1 1) k] =10
1 =1 =1/ \ky 0
ky=lkathy
Ko - )

Note in this case, we do not need to find generalized eigenvectors for A = 2. Putting everything together, we get a general

solution to the given system.

X(t)=e (

1
1
1

Joe )

1
]
1
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. (6 -1
Q18. X' = (5 2 ) X.
Solution. We first determine the eigenvalues of the matrix.

-A -1
(I=det(65 2_)‘)
=(6-A)2-A)+5
=AM 81T

A=4+i.

We now find an eigenvector for A = 4+,

(s 2h)(@)-6)

(2— i)y = ka

K= (51) = () +4().

Putting these together, we obtain a general solution to the given system.

S R O e D R O
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Q19. X' = (} ‘1‘) X+ (“j:ff) o,

Solution. We first solve the homogeneous system by finding the eigenvalues of the matrix.

1= -1
0=d°'( 1 1—A)

=(1-AP+1
=M -2A42
A=1=i.

We now find an eigenvector for A = 1+,

(60

we= (1) = () +1(4):

Putting this together, we obtain the complementary solution to this system.

_ costy sint 4
Xe=0cy (sin.',)e +ecz (—msi) e,

We now use the method of variation of parameters to determine a particular solution to this system.

&= e'cost  e'sint
C \efsint —efcost
det & = —e™

P e teost e 'sint
T e tsint —e'cost

P (G
(S ) () ()
/Q“E‘dt - f (é) dt = (3)
wo=e forra= (G ) (5) = (esmt):
Putting this all together, we obtain a general solution to the system,

_ frosty sint ) o (te cost
X(t)=er (siut) € +o2 (_ msi) e+ (tc' sin!)
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4 Laplace Transforms

t, 0<t<1

0) = 0.
0, 1zt VO

Q20. i + 2y = {

Solution. We must first write the righthand side as a sum of unit-step function.

f(1)={t' n<t<l

0, 1<t
flt) = tlu(t) - it —1)]
= tU(t) — tU(t — 1)

=t(t) - (t -1+ 1)Ut -1)
= t(t) — (¢t — 1)L(t — 1) — Ut - 1).

We now take the Laplace transform of both sides of the equation.

[sY —ylo)) +2v = & _ &1

e s

1 e e"

(s4+2)Y = 2 7
1 et et

V=it At ssid)

. . . 1 1
We now do partial fractions twice: once for m and once for .9{3—-!-2)'
_1 _A, B
s(s+2) s s42
1=As+ 24+ Bs

1

A=§

1
B=-3.

1 _A+B+ [
s2s4+2) s s 542

1= As® +24s + Bs+ 2B + Cs*

Putting these together and taking the inverse Laplace transform, we obtain the solution to the given differential equation.

) 6) ) ) 4) )

e L oL N L1 a1y
|y(£]— T gt g Ut = 1)~ 5(t = DUE-1) + e Ut —1)
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Q21. y = 1 —sint — [ y(r)dr; y(0) = 0.

Solution. Take the Laplace transform of both sides,

11
s}"—y{ﬂ}—;—a?_'_l—c{ytl}
111
i e gL
s241, 1 1
s Y_;-112+l

1 5
TEFL Er1p
S S
e+ 2\ (sF41)?

nt

Q22. y"+y=6(t—g)+5(t—3%):y{0] = y(0) =0,
Solution. Take the Laplace transform of both sides,
[8Y = sy(0) — y'(0)] + ¥ = e~ (/2% 4 o= (Bm/20
ts! +1)¥ = '_.—tvrﬁ}- +'_.—[3:,l’2.’|-

e—l®/2)s  a—(3x/2)s
=— ——
ST+ 1 s 41

(t) = sin (t - g)u (t - %) +sin (e - %")a (

or

ult) = —m(:)u(, - g) +°°“(f)u(f B 3_;-)
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5 Power Series
Q23. y" — 2oy + 8y = 0; y(0) =3, y'(0) = 0.

Solution. We search for a solution given by a power series centered at x = 0,

o oo

= Z enx"™; Y = i negr" Y o = Z nin — ez ?
n=1

n=0 n=2

e o0 o
Z n(n — ez 2 - 2:2 negr™ ' 4+ SZ cpx" =10
n=0)

n=2 n=1
B

=
Z nin— ega"? -2 Z neyx” + 8
n=1

n=2

=
cpa™ = 0.
n=0
We now make appropriate substitutions for the indices on each sum so as to be left with z* in the summand.
S+ 2k + Vegyar® — 23 ke +83 et =0
k=0 k=1 k=0
Next we combine the three sums into a single sum by rewriting each sum so they start at k = 1.

(m + 3k 2k + 1}:»,2:*) —2§ ker* + 8 (m + gu:r") =0

nm=l

22+ 8og + 3_[(k +2)(k + Desa — 2k + Bexa® = 0.
n=1

We now make use of our initial conditions, which gives us ¢g = (0) = 3 and ¢; = y'(0) = 0. When two polynomials are
equal, their coefficients are equal. So we can use the constant term of our derived equation to determine the value of e;.

2c3 + 80 =10
203 = —8cp=-2
ey = —12,

Finally, we use the power series portion of our derived equation to determine a recurrence relation which will allow us to
solve for the remaining values of cg.

(k+2)(k + 1)ep 4o — 2key, + 8o, =0
(2k — B)eg

HREErk 1)

This recurrence relation tells us that a term ¢y, 2 depends on the value of cp. Because ¢ = 0, we see that ¢y = 0, ¢ = 0,
and henee for every odd index 2k + 1, 241 = 0. We now foeus on the even indices.
(2-2—8)ez —dez -z 4
O = ——————— = =—=
YTEEyEvny 13 3

By the same reasoning, we now see that if & > 3, oo, = 0. Putting this all together, we get a solution to the given differential
equation.
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Q24. (r = 1)y" —xy' +y = 0: y(0) = =2, y'(0) = 6.

Solution. We search for a solution given by a power series centered at x = 0.

oo o oo
y= Zr:wzz"; = z negr™ Yy = Z nin — l)(.',,.:"_“‘
n=0 n=1 n=2
oo c o
(x—1) Zn[u - 1)::“_11.'"_2 - IZ nega™ ™t 4 Z(“‘T“ =1
n=2 n=1 n=i
Z n(n — ez " = ZH(R — ez = Z nepx™ + Zc...r." =1
n=2 n=21 n=1 n=l

We now make appropriate substitutions for the indices on each sum so as to be left with z* in the summand.
e = o e
STk + Dkegara® = 3" (k+2)(k + Dowgor® — 3 kepa® + 3 cna® = 0.
k=1 k=0 k=1 k=0

Next we combine the four sums into a single sum by rewriting each sum so they start at k = 1.

Sk + ke - (2:, + 3k +2)(k+ 1)c,,,,:.*) -3 kea® + (c,. +3 m*) =0
kw1 w1l kw1 eml

o
—2c2 +ep+ Z[U. + Dkeigr — (k4 2)(k + 1)ersa — kee + o = 0.
k=1

We now make use of our initial conditions, which gives us ¢ = »(0) = =2 and ¢; = y'(0) = 6. When two polynomials are
equal, their coefficients are equal. So we can use the constant term of our derived equation to determine the value of ez,

203 +¢cp =0
—Zc3 = —cg =2
e =—1.

Finally, we use the power series portion of our derived equation to determine a recurrence relation which will allow us to
solve for the remaining values of cg.
(k + Vkegsy — (k+ 2)(k + Vepse — ke + o =0
(K + 1)kepqy = (k= 1)eg
Cppg = —————————_* =,
ke (k+2)(k+1)

We use this recurrence relation to calculate the next few values of ¢p to determine a pattern.
_ 220y _ea _3 1
e N

ey C12(g) +2(F)  —4(g) +2(5) _ _2(1)
12 - 4 N a

oy = =

12

w-a(3)

Putting this all together, we get a solution to the given differential equation.

# o
E+E+I+---)+ﬁ:=8z—2e‘

ylx) = -2 (1 +




